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Abstract 
This paper characterizes neutral social functions that 
are fully implementable. A necessary condition for full 
implementation under either the Nash equilibrium concept or the 
strong Nash equilibrium concept is that the neutral social 
function being implemented be monotonic and simple. If a 
neutral monotonic social function is simple and the set of 
winning coalitions is nondictatorial then the social function is 
fully implementable by a set of Nash equilibria. For finite 
alternative sets a neutral monotonic social function will be 
fully implementable by a set of strong Nash equilibria if and 
only if it is simple and dictatorial. 
FULL NASH IMPLEMENTATION OF NEU TRAL SO CIAL FUNCTIONS
James F. Strnad II• 
I. INTRODU CTION 
Two pro bl ems have been pro mi nent i n  so ci al choi ce theo ry i n  
recent years. O ne i s  the pro bl em o f  determi ni ng the restri ctio ns that 
will  resul t i f  soci al choi ce pro cesses are requi red to have cer tai n 
qual i ti es when i ndi vi dual preferences are k no wn. The qual i ti es that 
have been studi ed are po ssi bl e ethi cal o r  l o gi cal desi derata such as 
neutral i ty, mo no to ni ci ty, transi ti vi ty and acycl i ci ty. The 
restri ctio ns usua l l y i nvol ve the del i neatio n o f  whi ch co al i tio ns o r  
i ndi vi dual s i n  a so ci ety can be permi tted to determi ne so ci al choi ces. 
A second pro bl em, the pro bl em o f  "i mpl ementati on," ari ses fro m  
the obser va tio n  tha t i ndi vi dual preferences general l y are no t k nown 
and that i ndi vi dual s m ay have an i ncenti ve no t to reveal thei r  true 
preferences giv en the soci al choi ce co nsequences, U nl ess thi s seco nd 
pro bl em i s  sol ved, sol uti on to the fir st pro bl em o f  "characteri zi ng 
so ci al choi ce pr ocesses" ma y not be o f  any practi cal i mpo rt. It does 
l i ttl e go od to k now tha t a par ti cul ar so ci al choi ce pro cess has 
certai n ethi cal or lo gi cal qual i ti es i f  everyo ne reveal s thei r  true 
preferences when, i n  fact, ther e i s  a si gni fi cant i ncenti ve for 
i ndi vi dual s to tr y to change the o utco me by l yi ng. 
Recent wor k  such as Ro ber ts (1979) and Sen (1983 )  has 
attempted to tr eat the i mpl ementatio n pro bl em i n  the same manner as 
the treatment o f  the fi rst pro bl em, I. e. , thi s wo rk has attempted to 
characteri ze so ci al choi ce pro cesses fo r whi ch the i mpl ementatio n 
pro bl em can be sol ved, Thi s arti cl e co nti nues that characteri zatio n 
task , 
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As can be seen fro m  the recent surveys i n  Dasgupta, Hammo nd 
and Maski n (1979) and Mo ul i n  (1981) , r esul ts o n  the i mpl ementatio n 
pro bl em gener al l y  have been negati ve, descri bi ng bro ad cl asses o f  
soci al choi ce rul es that canno t be i mpl emented, A stri ki ng ex ceptio n 
i s  Maski n (1977) . In that paper , Maski n sho wed that for fi ni te 
al ter nati ve sets soci al choi ce co rrespo ndences sati sfyi ng two 
co ndi tio ns, "Maski n mo noto ni ci ty" and "NVP," can be ful l y i mpl emented 
by Nash equil i bri a. (The Maski n mo no to ni ci ty co ndi tio n  i s  a necessary 
co ndi tio n  whil e NVP i s  no t, ) In Maski n (1979) , i t  i s  demo nstrated 
that thi s resul t i s  sensi ti ve to the equi l i bri um co ncept emplo yed. In 
parti cul ar, fo r fi ni te al ter nati ve sets, so ci al choi ce cor respo ndences 
that are full y i mpl ementabl e by stro ng Nash equi l i bri a must be Maski n 
mo no to ni c  but must no t sati sfy NVP. 
Maski n mo no to ni ci ty r equi res that a n  al terna tiv e x i n  the 
choi ce set o f  a so ci al choi ce cor respo ndence wi l l  r em ai n  i n  the choi ce 
set i f  i ndi vi dual preferences change i n  such a way that no perso n who 
fo und x at l east as goo d  as so me o ther al ter nati ve y prior to the 
change fi nds y better than x after the change. Thi s co ndi tio n, whi ch 
i s  a neces sar y co ndi ti o n  fo r ful l  i mpl ementatio n by bo th Nash and 
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s trong Nas h  equilibria ,  s pea ks to the compos ition of the choice s et 
when proforoncos cha nge, It ha s no obvious connection to res trictions 
on which coa litions ca n dicta te s ocia l  choice, tho tra ditiona l 
res trictions exa mined in cha ra cterizing s ocia l choice proces s es ,  O ne 
of tho ma in ta s ks in this a rticle is to demons tra te s uch a connection, 
T ho condition NVP requires tha t if 1 1 1  but ono pers on in 
s ociety finds a n  1 ltorn1 tivo y to bo a t  lea s t a s  good a s  a ny other, y 
mus t bo in tho choice s et for tho s ocia l  choice corres pondence, T his 
condition is more "coa litiona l" in content tha n Ma s k in monotonicity. 
Us ing tho res ul ts on Mas k in monotonicity, this a rticle tra ns la tes NVP 
directly into familia r coa litiona l conditions , 
After definitions a nd nota tion 1 ro dovolopod in Section II, 
Section III extends tho Mis k in (1977) res ult tha t under Mas k in 
monotonicity a nd NVP s ocia l choice corros pondoncos 1 ro fully 
implementa ble b y  Nas h  equilibria to 11 torn1 tivo s ets tha t a re "CCE 
s ubs ets ," compa ct, convex s ubs ets of 1 Euclidea n s pa ce. T his 
extens ion a llows ma ny of the cha ra cteriza tion res ults to a pply whether 
the a lterna tive s ot is 1 CCE s ubs et or finite, In a ddition, it a llows 
compa ris on of tho CCI! s ubs et res ults hero with other CCE s ubs et 
cha ra cteriza tion res ults in tho litera ture, 
Tho ma in res ul ts a re in Section IV. T his s ection begins by
limiting cons idera tion to s ocia l  choice corres pondences tha t a re 
neutra l s ocia l functions , i, o, neutra l with tho "s ocia lly preferred 
to" rela tion being a n  a s ymmetric bina ry rela tion. 
A k ey res ult in Section IV is T heorem S: a neutra l s ocia l
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function is Ma s k in monotonic if a nd only if it is a s imple neutra l 
monotonic s ocia l function, T hus , Mas k in monotonicity, a ppa rently a 
condition concerning choice s et elements , produces two "coa litiona l" 
conditions ,  monotonicity a nd s implicity, llonotonicity requires tha t 
when members a ro a dded to 1 winning coa lition, it s till wins , a nd when 
members a re s ubtra cted from a los ing coa lition, it s till los es , 
Simplicity requires tha t there is a s et S of coa litions s uch 
tha t for a ny two a lterna tives x a nd y, x is s ocia lly preferred to y if 
a nd only if a ll tho members in a coa lition in S s o  prefer. Th is 
condition is quite res trictive s inoo it rules out a ll s ocia l choice 
rules where the s et of coa litions tha t win depends on who is 
indifferent. For exa mple, Pa reto extens ion rules (x is s ocia lly 
preferred to y if a t  lea s t one pers on s o  prefers a nd no ono ha s tho 
oppos ite preference) a nd rela tive ma jority rule (x is s ocia lly 
preferred to y if a ma jority of thos e who a ro not indifferent s o  
prefer) a re not s imple. 
For a s imple neutra l monotonic s ocia l function, NVP is 
equiva lent to the s et of winning coa litions not being a n  ultra filter. 
J, o, , NVP requires tha t the s ocia l  function is not dicta toria l, 
Combining thos e res ults with thos e of Mas k in (1977) a nd Ma s k in 
(1979) yiel ds a clus ter of cha ra cteriza tion theorems , Neutra l s ocia l 
functions will be fully Nas h  implementa ble or fully s trong Nas h  
implementa ble only if they a ro s imple neutra l monotonic s ocia l 
functions . A neutra l s ocia l  function will be fully Nas h  implementa ble 
if it is a non- dicta toria l s imple neutra l monotonic s ocia l function, 
Ea ch of thes e res ul ts hol ds both for fi ni te al terna ti ve s ets a nd CCE 
s ubs et a l terna ti ve s ets , 
s 
T he fi nal ma jor cha ra cteri za ti on res ul t a ppl i es when the 
al terna ti ve s et i s  fi ni te, In tha t ca s e  neutral s oci al functi ons will  
be ful l y s trong Nas h  im pl em enta bl e i f  a nd onl y i f  they a re di cta torial  
sim pl e  neutral m onotoni c s oci al functi ons . T hi s  is  i n  contra s t to the 
res ul t tha t ful l  Nas h  im pl em enta ti on of neutral s ocial functi ons i s  
pos s i bl e  wi thout a di cta tor. Im posi ng a s tronger equi l i bri um concept 
ha s a s i gni fi ca nt cos t, 
T he cha ra cteri za ti on res ul ts i n  thi s  pa per ca n be contra s ted 
to other res ul ts i n  the l i tera ture a cros s three ba s i c pa ra meters : 
res tri cti ons on the cla s s  of s ocial choi ce proces s es s tudi ed, 
res tri cti ons on the equil i bri um concepts s tudi ed, a nd res tri cti ons on 
the im pl em enta ti on concepts s tudi ed, Wi th res pect to the l a ter two 
pa ra meters , thi s a rti cl e i s  l i mi ted to Nas h  a nd s trong Nas h  
equil i bri um  concepts a nd to ful l  im pl ementa ti on, The rea s on i s  tha t 
thes e a re the res tri cti ons on Ma s ki n' s  res ul ts , a nd the posi ti ve 
na ture of s om e  of thos e res ul ts m oti va tes the effort to cha ra cteri ze 
them i n  a "coa l i ti ona l" wa y, 
Ferejohn, Grether a nd McKel vey (1982 )  devel op s ome 
cha ra cteri za ti on res ul ts when i mpl ementa ti on ra ther tha n ful l  
i mpl em enta ti on i s  the im pl ementa ti on concept, A ful l i mpl ementa ti on 
a na l ogy to one of thei r i mpl ementa ti on res ul ts i s  devel oped a s  
Corol l a ry 2 i n  Secti on IV. Des pi te the l i ngui s ti c  i mpl i ca ti on tha t 
ful l  i mpl ementa ti on i s  s omehow norma ti vel y better ("ful l er") tha n 
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i mpl ementa ti on, no s uch s uperi ori ty a ctuall y exi s ts .  Both 
i mpl ementa ti on concepts requi re tha t a l l  equi l i bri a  be i n  the choi ce 
s et, Ful l  i mpl ementa ti on requi res tha t al l  choi ce s et el em ents be 
rea cha bl e by s ome equi l i bri um whil e i mpl ementa ti on requi res onl y tha t 
a t  l ea s t  one choi ce s et a l terna ti ve be rea cha bl e by a n  equil i bri um. 
T he onl y norma ti ve cri teri a  a ri s i ng from the s oci al choi ce rul e i s  
tha t choi ce s et el ements a re des i ra bl e. T he fa ct tha t more choi ce s et 
el ements a re rea cha bl e by one deci s i on mecha ni s m  has no norma ti ve 
s i gni fi ca nce under the s oci al choi ce rul e s i nce i t  does not 
di s ti ngui s h  between choi ce s et el ements . 
Fi na l l y, thi s a rti cl e  res tri cts the domai n of s ocial choi ce 
rul es to neutral  s ocial functi ons . Neutral i ty i s  a nontri vial ethi cal 
a nd s tructural a s s umpti on, It ba rs the us e of s epa ra te process es for 
pa rti cul a r choi ces , T hus ,  for exam pl e, neutral i ty i s  vi ol a ted i f  a 
hi gher voti ng requi rement i s  requi red for certa i n "s pecial" decis i ons 
(s uch a s  cons ti tuti onal a mendm ents ) tha n for "ordi na ry" deci s i ons . 
T he mai n jus ti fi ca ti on for a s s umi ng neutra l ty l i es i n  the fa ct 
tha t tha t a s s umpti on all ows Ha s ki n' s posi ti ve res ul ts , hi ghl y unus ual 
a ga i ns t  the general  ba ck drop of nega ti ve im pl em enta ti on res ul ts , to be 
cha ra cteri zed "coa l i ti ona l l y. "  But beyond tha t, m uch of the 
l i tera ture cha ra cteri zi ng im pl em enta ti on res ul ts i mpos es res tri cti ons 
tha t a re a rgua bl y even m ore s evere a nd tha t l ea d  to hi ghl y nega ti ve 
res ul ts , For exa mpl e, Roberts (1979) a nd Sen (1983 ) a re two l ea di ng 
recent pa pers , Al mos t a l l  of Roberts (1979) a nd a l l  of Sen (1983 ) a re 
l i mi ted to a s tudy of deci s i ve s oci al choi ce corres pondences , i , e, ,
s ocia l choice corr es pondences tha t ar e s ingle-va lued. Rober ts notes 
tha t decis ive s ocia l  choice corr epondences ar e a ttra ctive beca us e the 
s ocia l  pla nner m us t  pick .Q.!!.! a lter na tive a nd s uch s ocia l choice
corr es pondences s pecify which one is m os t  des ira ble, Decis iveness  
a ls o  elim ina tes the need to choos e between full im plem enta tion a nd 
im plem enta tion. With only one m em ber in the choice s et thos e 
im plem enta tion concepts ar e equiva lent. 
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Although decis iveness  is a des ira ble tra it for a s ocia l 
pr ocess ,  im pos ing decis iveness s ever ely r es tr icts the cla s s  of s ocia l  
choice r ules under cons idera tion a nd tha t  r es tr iction ma y involve the 
sa cr ifice of other ethica l or logica l des idera ta ,  Cons ider,  for 
exam ple, pr opor tiona l voting r ules , Cra ven ( 1 971 ) s hows tha t for the 
choice s et to be nonem pty over a finite a lter na tive s et with a ny m or e  
tha n a few a lter na tives in it, a voting pr opor tion clos e to una nim ity 
is r equir ed. Gr eenber g ( 1 979) ma k es a s im ilar s howing for CCE s ubs et 
a lter na tive s ets with m or e  tha n a few dim ens ions , But pr opor tiona l 
voting r ules r equir ing pr opor tions s ignifica ntly gr ea ter tha n one- ha lf 
often will not be decis ive, Two a lter na tives pr eferr ed to a ll others  
by ever yone ma y "tie" a1 1 ocia l  choices beca us e voter s  ar e near ly 
equa lly divided between them , For pr opor tiona l voting r ules , 
decis ivenes s ther efor e ma y be obta ined only a t  the cos t of the 
pos s ibility of ha ving a n  em pty choice s et, 
Another pr oblem with im pos ing decis ivenes s  on the under lying 
s ocia l  choice corr es pondences is tha t extr em ely nega tive r es ults 
ens ue, Theor em 3 . 4 in Sen ( 1 983 )  a s  well a s  r es ults in Ma s k in ( 1 979) 
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a nd Da s gupta , Hamm ond a nd Ma s Hn ( 1 979) indica te tha t decis ive s ocia l 
choice corr es pondences ar e im plem enta ble by s tr ong Na s h  equilibr ia .9.! 
Nas h  equilibr ia only if they ar e dicta tor ia l. Tha t r es ult holds even 
if individua l indiffer ence is excluded a s  a pos s ibility. This lea ds 
Sen ( 1983 ) to r ela x the im plem enta tion concept fr om im plem enta ble to 
wha t he ca lls "par tia lly im plem enta ble." A s ingle-va lued s ocia l 
choice corr es pondence is par tia lly im plem enta ble by a decis ion 
m echa nism if tha t m echa nism has a t  lea s t one equilibr ium tha t is the 
s ingle m em ber of the choice s et. The cos t of im pos ing this concept 
ins tea d of m or e  tra ditiona l im plem enta tion s ta ndar ds is car efully 
noted by Sen hims elf: ther e is a pos s ibility tha t "inoptima l" 
a lter na tives will be s elected a s  equilibr ia by the decis ion m echa nism , 
O ne ca n only hope, a long with Sen, tha t "with s uita ble 'r ules of 
beha vior ' a gr eed upon by the individua ls , their coopera tive 
equilibr ium ma y indeed lea d to the s election of the (des ir ed) outcom e" 
(Sen ( 1 98 3 ,  p. 3 ) ) ,  Even if this pr oblem with par tia l im plem enta tion 
is ignor ed, Theor em 4 . 11 a nd Cor ollar y 4 . 1 6  in Sen ( 1 98 3 ) ,  the ma in 
r es ults of tha t pa per ,  indica te tha t the coa litiona l s tr uctur e  needs 
to conta in a gr ea t dea l of veto power in or der to guara ntee tha t a 
s ocia l  choice corr es pondence is par tia lly im plem enta ble by s tr ong Na s h  
equilibr ia . 
Ultima tely, the choice of r es tr ictions is a va lue judgm ent, 
One ma y be willing to tolera te both the potentia l pr oblems with 
par tia l im plem enta tion a nd the r es tr ictions inher ent in requir ing 
decis iveness  in or der to us e a s tr ong Na s h  equilibr ium concept, in 
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order to have the qua lity of decis iveness  and to avoid impos ing 
neu trality. Nonetheles s ,  the pos itive characterization resu lts proven 
here for fu ll Nas h im plem enta tion a re qu ite prom is ing, T he s cope of 
the pos itive resu lts compare fa vora bly with the s cope of other 
pos itive resu lts in the litera tu re, a nd the need to im pos e neu trality 
to a tta in the resu lts here s eems no m ore onerous tha n the compromis es 
requ ired to obta in other pos itive resu lts . 
II. DEFINIT IONS, ASSUMPTIONS AND NOTAT ION
T ake the s et of s ocia l  a lterna tives to be A. When A is 
finite, IAI is the num ber of m em bers in A. When A is a su bs et of 
Eu clidea n s pa ce, d(A) denotes the dim ens ion of A, 
A� .!!!l!.!!1 is a nonempty, com pact, convex s u bs et of a 
Eu clidea n s pa ce, When A is a CCR su bs et with d(A) = m, then A is an 
!!rCCE su bs et. It is a ssum ed tha t  A conta ins m ore than one 
a lternative, s o  tha t t here is a nontrivia l s ocia l choice problem .
Whenever the na tu re of A is u ns pecified, it can be either finite or a 
CCR-su bs et. 
P is a preference relation on A if P is a n  a s ymmetric binary 
relation on A, i, e, , xPy a nd yPx cannot both be tru e  for x, y BA. If 
they a re both fa ls e then xly, a nd xRy m ea ns that xP y or xly, When an 
individua l i has ta st es cha ra ct erized by a preference rela tion, that 
preference rela tion s ha ll be denoted by P i' Ri' a nd Ii'
A preference relation is a weak orderina if R is trans itive 
and com plete, A preference relation is acyclic if for all 
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(x e Af xRy V y e A} is the s et of u ndomioated a lterna tives for A
u nder P ,  A preference relation, P, is continu ous-� over a s et of 
alternatives that is a su bs et, s, of Eu clidean s pace if and only if
for every x 8 S: 
(A) the s et (y 8 Sf xPy} is an open s et;
and (D) the s et (y 8 Sf yP x} is an open s et,
Su ppos e that A is a CCR su bs et of a Eu clidean s pace, S, Theo an 
individu al, i, has ill!_! preferences if there exis ts a "blis s  point" 
x (in S bu t not necess arily in A) su ch that yP iz if a nd only if
alternative y is clos er in Eu clidean dis ta nce to x tha n alternative 
z. 1 When an individu al can have type I preferences with a ny blis s
point in S, then type I preferences a re sa id to be adm is s ible for that 
individu al, 
The s et of all individu als in s ociety is I, Th rou ghou t  this 
a rticle the s et I will be taken to be finite with n m embers , wI is 
the produ ct s pace of individua l weak orderings for the individu als in 
s ociety, When A is a CCR-su bs et, it is as sum ed that type I 
preferences a re admis s ible for a ll individu als , 
I A s ocial fu nction is a mapping from W int o t he s et of all
preference relations on A, A .!!!£.!.!!. depis ioo fu nction is a ma pping 
from w1 into the s et of a ll acyclic preference rela tions on A.
A profile is a mem ber of WI, For a profile p and a, b e A, 
define p(a > b) as the s et of individu als who prefer a t o  b, The
concerned� for p and the pair of alternatives (a, b} is 
p(a > b) U p(b > a). Let p and q be profiles and let a, b, c, d e A,
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A social function, a ,  is neutral and monotonic when the following 
condition holds: if p(a ) b) � q(c ) d) and q(d > c) � p(b >a), then 
aa(p)b implies ca(q)d, If tho condition holds with equalities rather 
than inclusions, then a is neutral, A binary decision rule, a, is a 
social function that satisfies the following property of binaryness: 
if p(a ) b) = q(a > b) and p(b ) a) = q(b > a) then aa(p)b implies 
aa(q)b, A social function, a, is anonymous if and only if for any 
permutation y of (1,2,,,,,n), a(p1,p2, •• ,,pn) = a(py(l)' 
P P ) where pi is the weak ordering of individual i. y(2)'"'' y(n) 
If J is a nonempty subset of I, then a simple game on J is a 
collection of subsets of J, rJ. such that: 
(a) A e r1, A � B => B e f1; 
(b) A e r1 => Ac 'r1, where Ac is the complement of A in J,
When property (a) is true, but property (b) may or may not be true, r1 
is called a monotonic game, When property (b) is true, but property 
(a) may or not be true, rJ is called a proper game. The null (simple) 
game on J is tho empty collection of subsets of J, If r1 is a proper 
game on J, then r; = (E � JIEC 8 rJJ where EC is the complement of E 
• 
in J, rJ often ii called tho family of winning coalitions and rJ tho 
family of l!!!.!n& coalitions. Note that under these definitions in a 
given proper game r1, it may be true that a coalition E � J is neither 
winning nor losing, 
A direct .!.!!.!!! of simple games is an indexed family £r1J I Je2 
such that: 
( i) r1 
(ii) for 
(iii) for 
is a simple game for J (possibly null); 
all K, L a 21, if 
all K, L a 21, if 
K � L, then 
K � L, then 
rL n 2K � rKi 
• • 
rK � rL. 
Every collection of � games, r = cr1J I where each r1 is a Je2 
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proper game, generates .!!.!l aggregation rule, llJ'• where for every 
profile p and alternatives a, b e A, aµ
r
(p)b if and only if p(a > b) e 
rp(a)b)"i>(b)a)' 1,e,, the set of individuals who prefer a over b is a 
winning coalition in the proper game defined on tho set of individuals 
concerned about a versus b, If a is a social function and J � K, then 
J is said to be a decisive subset for I (with respect to a) if for all 
profiles p where K is tho concerned set, J � p(a ) b) => aa(p)b, for 
all a, b e A. The sot of all decisive subsets for K is tho decisive 
.!..£! !,Q.!. I. When a social function is generated by a direct sum of 
simple games, r, then f1 is the decisive set for J � I, A social 
function is simple if for any x, y e A, xPy if and only if all the 
members of at least one of the coalitions in the decisive set for I 
prefer x to y. When a simple social function is generated by r, a 
J direct sum of simple games then for J � I f1 = r
1 
0 2 , A prefiltor 
on J is a simple game, r1, on J such that n r1 I o and r1 is not a 
null game. For a prefiltor, r1, on J, tho set 0 r1 i1 called tho 
collogium for r1• A filter on J is 1 prefilter, r1, on J such that E, 
Fa fJ =) E 0 F e  r1• An ultrafiltor on J is 1 filter, r1, on J such 
that for all E � J either E 8 rJ or EC 8 rJ where EC is tho complement 
of E in J, 
i f WI -> A. A A social choice correspondence f is a mapp ng : 
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social choice correspondence may be multiple-valued, The imago sot of 
a social choice correspondence f under a profile p of weak orderings 
is denoted f(p) and is called tho choice .!!.! of f for profile p. Let 
I T be tho set of all p e W such that there is some j e I and some 
x e A such that for all i e I/{j} x P.y for all y e A/{x } and therep p 1 p 
is at most one z e A/{x } such that zRjx , A social choice p p 
correspondence is minimally democratic if for all p e T f(p) = {x }. p 
I.e., for III = n if x is at the top of n - 1 individuals' weak 
orderings and is at worst second in tho remaining individual's weak 
ordering, then the choice set must consist of x alone, 
Consider the mapping f': WI -> A with f'(q) = U(A,P) where a 
is a social function, a(q) = P, a preference relation, and U(A,P) is 
the set of undominated alternatives in A under P. This mapping f' is 
a social choice correspondence. When this article speaks of a social 
function a as a social choice correspondence, the mapping f' is meant. 
Lot R (a,b) = {i e IlaR.b} under the profile p of weak p 1 
orderings for the set I of all members of society and for a, b e A. A 
social choice correspondence f is Mastin monotonic if for any profiles 
p and q of weak orderings and any a e A, a e f(p) => a e f(q) if 
R (a,b) � R (a,b) for all b e A. I.e., a social choice correspondenceq p 
f is Maskin monotonic when for any transformation T :  p -> q of 
preference profiles, if a is in the choice set of f for p, then it is 
in the choice set of f for q if a is not demoted in any individual's 
weak ordering, Not demoted means that aRib under p implies aRib under
q. 
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A social choice correspondence, f, has tho property NYf if and 
only if for any profile p of individual weak orderings if there exists 
i e I and a e A such that for all j e I where j I i aR.b for all b e A 
J 
then a e f(p). I.e., if an alternative is at the top of n - 1 
individuals' preference orderings, then the last individual cannot 
prevent the alternative from being in the choice set. 
Let Si denote a strategy space for individual i and let
n 
S = 0 S. be the product space of the individual strategy spaces. A 
j=l J 
decision mechanism d is a single-valued mapping from S to A. A 
decision mechanism is called a �mechanism if Si = P• or a subset
of P• for all i e I, where P• is the set of all possible preference 
relations over A, A decision mechanism is an indirect mechanism if 
for some j e I Sj is not P• or any subset of P•. 
Let s denote (s1,s2, • •  ,,sn)' i,e,, all individuals choose 
their barred strategies. Let ;/si denote <;1,;2,,,,,;i-l' 
si,si+l'''''sn)' i.e., all individuals choose barred strategies except
individual i who chooses si e Si, Now s e S is a N!J.!! equilibrium 
of
decision mechanism d if for all i e I, d(;)Rid(;/si) for all si e Si' 
I,e,, s e S is a Nash equilibrium if no individual can unilaterally 
change his or her strategy and be better off if all other individuals 
j continue playing s
j 8 sj. 
Let ;/sc denote tho case where all i e C choose unbarred 
strategies, si e Si and all j d C choose barred strategies sj e Sj. 
Now, s e S is a strong Nash equilibrium of decision mechanism d if 
there is no C �I and no ;/sc e S such that d(;/sc)Pid(;) for all 
1 5  
i 8 c. 
A social choice correspondence f: WI -> A is implementable by 
decision mechanism d if 
( 1 )  I for any equilibrium a of d with respect to a profile p e W , 
d(s) e f(p); 
and (2) if f(p) is nonempty for a profile p a WI, then d has at 
least one equilibri11111 under p, 
A social choice correspondence f: I W -> A is !Jl.llx 
implementable by decision mechanism d if 
( 1 )  for any equilibrium, s, of d with respect to a profile 
p 8 ,I, d(s) 8 f(p); 
and (2) for any profile p of individual weak orderings and any 
a e f(p) there exists an s a S such that d( s) = •• 
Each of these implementation concepts only makes sense when 
equilibrium concept is specified, When the equilibrium concept is 
ID 
Nash equilibrium, then the terminology fully Nash implementablp means 
that the Nash equilibria of the decision mechanism fully implement the 
I social choice process for all profiles in W , Nash implementable, 
fully strong Nash implpmentable, and strona N!J..h implementable are 
defined similarly. 
III. FULL NASH DIPLFJIENTATION OF SO CIAL CHOICE CORRESPONDENCES OVER
CCE SUBSET ALTERNATIVE SETS 
Mastin ( 1 977) and Mastin ( 1 979) provide a set of results for 
full implementation of social choice correspondences by Nash and 
strong Nash equilibria when the alternative set is finite, By Theorem 
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2 in Maskin ( 1 977) Mastin monotonicity is a necessary condition for a 
social choice correspondence to be fully Nash implementable. A 
parallel result, Theorem 1 in MasHn ( 1 979) is that Mastin 
monotonicity is a necessary condition for a social choice 
correspondence to be fully strong Nash implementable, The proofs of 
both results do not depend on the alternative set being finite, and 
thus both results apply when the alternative set is a CCE-subset, The 
following theorem therefore holds true, 
Theorem!. (Mastin ( 1 977) ; Mastin ( 1 979) ) ,  If a social choice 
correspondence f over a finite alternative set or over a C CE subset 
alternative set is fully Nash implementable or fully strong Nash 
implementable, then f is Mastin monotonic. 
Mastin' s proof of his Theorem 5 in MasHn ( 1 977) that JlasHn 
monotonicity and NVP are jointly sufficient for a social choice 
correspondence to be fully Nash implementable does depend on the 
alternative set being finite, The main task of this section is to 
show that his result still holds when the alternative set is a C CE 
subset, Maskin's proof of his Theorem S is by construction and rests 
on his Theorem 4 in the same paper, That theorem and the constructive 
proof of Theorem S utilize a particular strategy space for 
individuals, In particular, where the social choice correspondence is 
f, the strategy set for individual i is 
is a profile of weak orderings and a e f(p)], 
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Thus, each individual chooses (1) a profile that has a nonempty choice 
set under f and (2) an element in the choice set for that profile. 
The profile chosen by i may misrepresent the true preferences of 
others as well as misrepresenting i's own true preferences. Maskin 
also defines the lower contour set of Ri at a s A as L(a, Ri) 
= 
(b e AlaRib},
Theorem 4 in Maskin (1977) is now restated as Theorem 2 here. 
Theorem!. (Maskin (1977) ) ,  For III L 3 and a social choice 
correspondence f that is Maskin monotonic and satisfies NVP, the 
following three conditions are jointly sufficient for f to be fully 
Nash implementable by a decision mechanism d: S -> A. 
(1) If every individual chooses the same strategy si 
( �,. • •  ,Rn,1), then the decision mechanism chooses a.
(2) If all individuals except i choose the same strategy 
sj 
= ( �1,,,,Rn,1) then i can reach any point in L(a,Ri) by 
some strategy s1 e Si, I. e. , (b e Alb 
= 
( 3 )  If at least two individuals have different stategies, then 
any third individual, j, can cause the outcome of the 
decision mechanis• to be .!!IX alternative in A by choosing an 
appropriate 'j a sj. 
After proving Theorem 2, Maskin proves the joint sufficiency of Maskin 
monotonicity and NVP for a social choice correspondence to be fully 
Nash implementable by constructing a decision mechanism for all social 
choice correspondences that meets ( 1 ) -( 3 )  in Theorem 2, As Theorem 3 ,
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this section proves Maskin's joint sufficiency result for finite 
alternative sets using a different construction than Maskin used, 
That different construction is then altered so that it applies for CCE
subset alternative sets, 
Theorem 3 (Ma skin (1977) ) .  If II I L 3 ,  A is finite and a social 
choice correspondence f satisfies NVP, then f is fully Nash 
implementable by a decision mechanism if end only if f is Maskin 
monotonic, 
Proof: B y  Theorem 1 if f is fully Nash implementable, then f is 
Maskin monotonic, 
The following proof that Ma skin monotonic! ty and NVP imply 
that f is fully Nash implementable is by a construction similar to 
that in Maskin (1977, pp, 21-22). Specifically, only (B) in the 
decision mechanism constructed below differs from Ma skin's 
construction. 
First, label the alternatives in the alternative set A= 
(a(O),,,,,a(m - 1)}, Now consider the following decision mechanism d: 
S -> A where Si for each i e A is as stated in the paragraph above 
Theorem 2 supra. 
(A) If sl = 52 = s ( �,. ,. ,Rn' a), then n 
d(s1, . .  . ,sn) 
= a. 
If sl 
= s2 = 5i-1 = si+l = si+2 = . . .  s n (B) 
(R1, . .  . ,Rn,a(r)) � si 
= (R1, . .  . ,Rn,a(s)),
d(s1, • •  , ,sn) 
= e(s) if a(r)Ria(s) and a(r) otherwise. 
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(C) If all individuals pick one of two strategies and more than 
one picks each of the two strategies or if there exists a 
triple (i,j,k) such that si I sj I sk I si, then let 
n 
d(s1,,,,,sn) = a(mod(m-l)<J;1tr)) where 
i i si = < Rj •••••Rn,a(ti)) and where modx(y) = k when y = ax + k 
with ax the largest multiple of x less than or equal to y. 
This construction completely defines d. The decision mechanism d 
satisfies (1) of Theorem 2 because of (A), Now by (D) any individual 
i who deviates from (R1,,,,,Rn,a), the strategy common to the other 
individuals, can obtain any alternative in the lower contour set of Ri 
at a, Thus, the construction meets (2) of Theorem 2. 
When any two individuals have different strategies, then for 
each a(v) a A any third individual i can select a strategy si distinct 
from each of the first two and si will consist of a profile p and an 
alternative a(v) such that a(v) a f(p), (Note that by NVP, there are 
at least n + 1 profiles that will result in any a 8 A being in the 
choice set for any social choice correspondence f, Specifically, all 
the profiles that have a at the top of the weak orderings of at least 
n - 1 individuals will result in a being in the choice set, and with 
two or more alternatives there are at least n + 1 such profiles,) 
n 
Thus individual i can cause the sum [: tr in (C) to be any of m r=l 
consecutive integers since i can select an si such that ti = O, 
ti = 1,,,,, or ti = m - l, It follows from (C) that i can cause any 
alternative in A to be the outcome under the decision mechanism by 
2 0
choosing an appropriate si, Thus, condition ( 3 )  of Theorem 2 is met, 
Q,E,0, 
Jn order to extend the construction in the proof of Theorem 3 
to the case of a CCE subset alternative set, the most important task 
is to revise condition (C), Condition (C) depends on the ability to 
label n alternatives by positive integers starting with one and ending 
with n, The following theorem extends the result of Theorem 3 to CCE 
subset alternative sets by altering condition (C) in the proof without 
affecting the applicability of Theorem 2 .
Theorem 4 :  If each individual weak ordering ca,n have any alternative 
at the top of the ordering, if III l 3 ,  if A is a CCE subset and if a 
social choice correspondence f satisfies NVP, then f is fully Nash 
implementable by a decision mechanism if and only if f is Maskin 
monotonic, 
Proof: B y  Theorem 1 if f is fully Nash implementable, then f is 
Maskin monotonic, 
In order to show that �laskin monotonicity and NVP imply that f 
is fully Nash implementable, a decision mechanism satisfying (A) and 
(B) in the proof of Theorem 3 can be used, but condition (C) in that 
proof must be altered, This proof develops a new condition (C') to 
replace (C) and then demonstrates that (A), (B) and (C') generate a 
decision mechanism that meets the conditions of Theorem 2. 
Suppose A has dimension m, J,e. , A is an m-CCE subset, A is 
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embedded in :Rm, and since A is compact and convex, for each point
x 8 JRm not in A there is a point y e A such that y is the point in A
closest to x if x � A. Define a function Q : JR m � A such that
Q(x) x if x e A and Q(x) = y where y is the point in A closest to x 
if x ' A. Let each alternative a EA be a vector characterized by m 
coordinates in the coordinate system of :Rm:'.:' A. 
For a social choice correspondence f let the strategy space 
for each individual i be 
, 
Si= ((�,. .. ,Rn,1,b)lb e JR
m and a e f(�,. .. ,Rn)),
, 
Denote as 'i' the ith individual's choice from Si, and let si be the
vector of all components of si but the last, Let the last two
components of si be denoted ai and bi respectively,
Define condition (C') as follows: 
(C') If (1) the set T = (s1,,,,,sn) consists of two subsets T1
and T2 such that T1 + T2 = T, IT11 2 2, IT21 2 2, and for
'i' 'J 
e T1 and st' sr e T2 it is true that si
and 'i I st or (2) there exists a triple (i,j,t) such that
' ' n si I 'JI s._" 'i' then let d(s1,. .. ,s )  = Q( [ b ),.. n w=l w 
This condition along with conditions (A) and (B) from the proof of 
Theorem 3 completely define a decision mechanism d: S' - >A where S' 
n ' is the product space R Si' Note that conditions (A) and (B) operatei=l 
, 
only on the portion si of each 'i' I.e., bi' the last vector
, 
component of si, is ignored in applying (A) and (B), For example, if
, 
'i = (R1 , • • •  ,Rn,a'bi) and bj I bk for some j, t e I, then condition
, , 
(A) will still be satisfied and d(s1,,,,,sn) a, Note also that
although condition (C') mates reference to the bi components, in
determining whether condition (C') applies instead of (A) or (B) 
, 
reference is made only to the si portion of si,
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The proof of Theorem 2 as Theorem 4 in Mastin (1977) relies on 
three properties: a B f(�,. • •  ,Rn)' f is Mastin monotonic, and f
satisfies NVP , The proof is unaffected by shifting the individual 
, 
strategy space for each individual i from Si to Si as long as the
applicability of conditions (1), (2) and ( 3 )  depend only on the si
, 
portion of each vector si since that portion is a member of Si, In
other words, adding an extra vector component bi to each si e Si mates
no operational difference in the proof if (1), (2) and ( 3 )  do not 
involve that extra vector component, 
It is important to check, then, that (1), (2), and (3 ) can be 
, 
made to depend only on the si portion of the si vectors, There is no
problem with (1) and (2). Both of these conditions can be interpreted 
, 
in terms of the si portion of the si vectors, So when either (1) or
(2) refer to si or si these should be understood to mean the si and si
, _, 
portions of 'i and si respectively,
There is, however, one subtlety in interpreting the conditions 
I 
of Theorem 2 when the individual strategy sets are Si instead of Si,
Condition ( 3 )  of Theorem 2 applies "if at least two individuals have 
different strategies," This is to be interpreted as "if at least two 
individuals h and i have sh I si," In other words, the individuals
, 
need only have strategies that differ on the st portion of the st
vectors, If it is true that sh c si for all h, i B I, then ( 3 )  does
not apply. On the other hand, if ( 3 )  does apply the result will be 
that any third individual j can cause the outcome of the decision 
mechanism to be .!JU: alternative in A by choosing an appropriate 
' 
The b. component in s. matters for this choice, 
J J 
So the only place where (1), (2) , or ( 3 )  in Theorem 2 depend 
' 
on the bi portion of the si is in part of ( 3 ) . But that dependence
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does not matter. The condition ( 3 )  specifies that when it applies, a 
third individual j can force the decision mechanism to select any 
outcome in A by appropriate choice of a strategy vector, The 
condition and the proof of the theorem are not concerned with how this 
power in the third individual arises, In particular, that power can 
come about through an extra component in the strategy vector, For the 
purposes of Theorem 2 it only matters that the power exists. 
The three properties (A), (B), and (C') completely specify a 
decision mechanism d. Now that it is clear that changing the 
, 
individual strategy sets to Si has no effect on the operation of
Theorem 2 if conditions (1), (2) and ( 3 )  in that theorem are 
interpreted properly, it remains to show that (A), (B), and (C') 
satisfy these conditions in their properly interpreted form, 
The decision mechanism satisfies condition (1) of Theorem 2 by 
(A). As long as any individual can choose a weak ordering that puts 
any alternative at the top of the ordering, then by NVP and (B), 
condition (2) of Theorem 2 is satisfied. Finally by (C') when any two 
n 
individuals i and j have si I sJ
. any third individual k can make [ b 
w=l " 
be any vector in Em given that all bi for i I k remain unchanged.
' ' Thus, by choosing an appropriate st e St k can cause the game to
produce any alternative in the alternative set. 
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Q,E,D, 
The condition in Theorem 4 that any individual be able to 
choose an individual weak ordering that puts any alternative t e A at 
the top of that weak ordering is not very restrictive, For example, 
given that type I preferences are admissible for individual i, i can 
simply choose bliss point t to insure that t will be at the top of i's 
weak ordering. 
IV. CHARACTERIZING FULLY IMPLEMENTABLE NEU'lllAL SOCIAL FUNCTIONS
The first task in this section is to show that neutral social 
functions that are f.laskin monotonic are neutral monotonic social 
functions. In the beginning that task, the following lemma is useful: 
Lemma 1, A neutral social function is characterized by a collection 
of proper games: 
(a) If r is a collection of proper games then µr• the
aggregation rule generated by r. is a neutral social
function, 
(b) If o is a neutral social function, then there exists a 
unique collection of proper games, r. such that 0 = µr· the
aggregation rule generated by r.
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Proof: (a) Suppose r is a collection of proper games. Suppose that
I aµrl' for some a, b s A and some profile p e W , By the definition of
µr it follows that p(a > b) a r1 where J = p(a ) b) U p(b >a), But
• 
since rJ is a proper game, p(b > a) d rJ and thus it is not true that
bµr-, Since aµrl' => bµr- is not true, µr is a social function, Since
µr is generated by a proper game, which coalitions win or lose is
independent of the particular pair of alternatives being compared, As 
a result, µr is neutral.
(b) If a is a neutral social function, a is a neutral binary 
decision rule since neutrality implies binaryness.  Ferejohn and 
Fishburn (1979) show as their Theorem 1 that for any binary decision 
rule, the set of winning coalitions for any concerned s et and any pair 
of alternatives is a "binary constitution," A binary constitution 
guarantees that for any pair of alternatives x, ye A, if coalition W 
is a winning coalition then its complement L in the concerned s et will 
be a losing coalition, When there is a binary constitution, the 
collection of winning coalitions for x versus y for a given concerned 
set satisfies the criterion of a proper game. In particular, if a 
given coalition wins in a proper game, then its complement in the 
concerned s et does not win, But a binary constitution structure does 
not yield a proper game for each concerned set. The reason is that 
different coalitions may win for a given concerned set depending on 
which two alternatives are being compared. This possibility is 
eliminated by as suming neutrality since neutrality guarantees that the 
set of winning coalitions for a given concerned set does not depend on 
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which two alternatives are being compared, Thus, Ferejohn and 
Fishburn's Theorem 1 and the additional as sumption of neutrality yield 
the result that for any neutral binary decision rule, the set of 
winning coalitions for each concerned s et is a proper game, 
Now suppose that there are two distinct collections of proper 
games, r and r and that a = µr and a = µ_ where a is a neutral binaryr 
decision rule, Since r and f are distinct assume (without loss of
generality) that for some J C I there exists a coalition E such that 
E e f1/r1• Cons ider two alternatives x, y e A, Choose a profile
p s WI such that p(x ) y) = E, p(y ) x) = J/E, (Such a profile can be
easily constructed even when A is a CCE s ubset if type I preferences 
are admiss ible for all individuals. E;g,, let members of E have bliss 
point x, members of J/E have bliss point y and members of I/J have a 
bliss point equidistant from x and y,) Now since Ee f1 and µ_= a,
r 
xay. But E ' r1 and µr = a imply that xay is not true, a
contradiction, Thus, r. the collection of proper games such that
µr = a, must be unique,
Q,E.D, 
Given that the set of winning coalitions for each concerned 
set is a proper game, the next step is to show that all the proper 
games are simple games, The following lemma accomplishes that goal, 
The proof of that lemma as well as the four succeeding lemmas is by 
counterexample, Jt is important to be sure that the counterexamples 
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a re a ccepta bl e even under the mos t  s evere res trictio ns o n  preferences 
us ed in the res t o f  the articl e, To tha t end, the proo f o f  each l emma 
is a cco mpa nied by a demo ns tra tio n that the particul a r pro fil es us ed as 
co unterexampl es in the proo f a re co ns is tent with pro fil es o f  weak 
o rderings in the finite al ternative s et ca s e  and with pro fil es o f  weak
o rderings tha t a dmit type I preferences when the a l ternative s et is a
CCE s ubs et. 
Lemma 2 :  If a neutral so cial functio n is Mas k in mo no to nic, then a ny 
pro per ga me repres enting a s et o f  winning coa l itio ns fo r a given 
co ncerned s et is a s impl e ga me, 
P roo f: Cal l  the neutral so cial functio n f so tha t its cho ice s et 
under pro fil e r is f(r), To s ho w  tha t a pro per ga me repres enting the 
s et o f  winning coal itio ns under f fo r a given co ncerned s et is a 
s impl e  ga me, it is o nl y  necessa ry to s ho w  tha t it is a mo no to nic game, 
Fo r a co ncerned s et H t: I l abel a s  r11 the pro per ga me asso ciated with
tha t co ncerned s et, Assum e that a pro per game, r
1
, with res pect to 
so me co ncerned s et J t: I is no t a mo no to nic game. Then either
o r
( 1) there exis t s  a coa l itio n C e r1 s uch that fo r so me D � C, 
J/D 11 r1, 
( 2 )  there exis ts a coa l itio n B e r
1 
s uch that fo r so me G � B, 
G i f
1 a nd J/G � r1•
The firs t pa rt o f  this proo f wil l  s ho w  that (1) and (2) 
co ntradict Mas k in mo no to nicity by us ing p, q, u and v, fo ur particul ar 
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pro fil es o f  weak o rderings ,  in the cas e where the al ternative s et is 
finite, Let the pro fil es us ed ha ve the fol lo wing traits where a, 
b s A: (1') J is the co ncerned s et fo r a vers us b; (2') fo r al l i e J, 
aP ic a nd bP ic fo r all  c e A where c d (a , b),
Under a pro fil e o f  this type, no te tha t fo r x e (a , b} and 
y e A/ f a , b} I (i e Il xP iy} , As a firs t s tep, it is impo rta nt to 
verify tha t fl • r1• Under tha t co nditio n, there wil l  be no 
c & A/ f a , b} s uch tha t cP d where d e  (a , b} .  In o ther wo rds , a wil l  be
in the cho ice s et unl ess bP a, a nd b wil l  be in the cho ice s et unl ess 
aP b, 
Co ns ider two pro fil es r and s ,  Under pro fil e r fo r a l l  i e I 
and a l l  x, y e A, xliy' Under pro fil e s fo r all  i e I and fo r all
I e A/ f z} zP ix' but fo r all  i B I a nd fo r al l x, y B A/ f z) xliy'
Under pro fil e r no o ne is co ncerned a bo ut a ny bina ry cho ice so tha t 
the co ncerned s et is fl. Since r
fl 
is a pro per ga me and s ince fl is the
co mpl ement o f  its el f in r
11
, it mus t be true that fl • r11• As a res ul t, 
under r there is so cial indifference between al l al ternatives ,  and al l 
al ternatives a re in the cho ice s et, No w s uppo s e fl e r1• Then under
pro fil e s ,  z t f(s ) s ince xP z fo r al l x e A/ f z} .  The tra ns fo rmatio n r
-> s is s uch that z is no t demo ted in a ny individual 's wea k o rdering,
Mas k in mo no to nicity requires tha t z s f(r) => z a f(s ) so that
z t f(s ) is a co ntra dictio n, 
No w co ns ider cas e (1). Under a pro fil e p l et C = f il aP .b} ,1 
Since C e  f
1, a e f(p), Change the pro fil e s uch that the new pro fil e 
q has D f il aP ib), Since J/D e r1, bP a and a i f(q), The
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tr ans for mation fro m  p to q do es no t demo te a in an yon e's weak or der in g 
s in ce th e s et f ilb P,a) do es no t ex pan d un der th e tr ans for mation , Yet 
1 
a i f(q) wh ich con tr adicts Mas k in mono ton icity.
Similar r eason in g  sho ws th at ( 2 )  leads to a con tr adiction o f
Mas k in mono ton icity. Let G = f ilb Pia) un der pro file u, an d let
E = f ilb Pia) un der pro file v. No w a e f(u) b ut a i f(v), But th e
tr ans for mation fro m  u to v do es no t demo te a in an yon e's weak or der in g 
s in ce th e set f ilb P.a) do es no t ex pan d un der th e tr ans for mation, 
1 
Th us , a e f(u) an d a i f(v) con tr adicts Mask in mono ton icity.
Th e fir st par t o f  th e proo f is no w co mplete: ( 1 )  an d ( 2 )  each 
lead to a con tr adiction o f  Mask in mono ton icity for th e fin ite 
altern ative set cas e wh en in dividual pr efer en ces can b e  an y weak 
or der in g. 
Th e s econ d  par t o f  th e proo f pr es en ts type I pr efer en ce 
pro files o ver CCE s ub set altern ative sets th at cause each o f  ( 1 ) an d 
( 2 )  to lead to a con tr adiction o f  Mas k in mono ton icity. Choos e  x ,  
y e A wh er e A is a CCE s ubs et, In case ( 1 )  set up two pro files .  
Un der pro file p all memb er s o f  C h ave type I pr efer en ces with x as a 
b liss po in t, m em ber s  o f  J/C h ave type I pr efer en ces with y as a b liss 
po in t, an d mem ber s  o f  I /J ar e in differ en t b etween an y two altern atives 
in A. Un der pro file q m emb er s o f  D h ave type I pr efer en ces with x as 
a b lis s po in t, m emb er s  o f  J/D h ave type I pr efer en ces with y as a 
b liss po in t, an d memb er s  o f  l/J ar e in differ en t b etween an y two 
altern atives in A, 
Th e fo llo win g ar gumen ts es tab lish th at x e f(p). For 
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z e A/(x ) th er e  ar e thr ee cas es: 
(A) f z - yl I x - yf wh er e 1·1 is E uclidean distan ce;
(B) lz - yf I x - yf ; 
(C) lz - yl I x -yl. 
Un der p in cas e (A), C = f ilx P.z )  an d J/C = f ilz P.x ), Sin ce 
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C e r1, x Pz for all z e A wh er e (A) ho lds ,
In case (B), J = f ilx Piz )  an d D = f ilz Pix ), Con sider two
pro files g an d h ,  Un der pro file g for all i e I an d all a, b e A, 
aiib '  Un der pro file h all i a J h ave type I pr efer en ces with b liss
po in t a an d for all i e I/ J an d all b,  c e A, b iic' Un der pro file g
no on e is con cern ed abo ut an y b in ar y  cho ice so th at th e con cern ed s et 
is e. Sin ce re is a pro per game an d sin ce e is th e co mplemen t o f
itself in e it must b e  tr ue th at e i re. As a r esult, under g th er e
is so cial in differ en ce b etween all altern atives, an d all altern atives 
ar e in th e cho ice set, No w suppo se e e r1 for J t: I .  Th en under
pro file h, a i f(h ) s in ce b Pa for all b e  A/ f a), Th e tr ans for mation
g � h is such th at a is no t demo ted in an y in dividual's weak
or der in g. Mas k in mono ton icity r equir es a e f(g) = > a e f(h ) so th at 
a � f(h )  is a con tr adiction , Th us, e i r1• For all z e A for wh ich
cas e (B) applies, x Rz ,  
In cas e (C), C 
similar to th at for case (B), e i re' Th us, wh en ever cas e (C) ho lds
for z e A, x Rz ,  
Co mb in in g th e an alys is o f  th e thr ee cas es, it is tr ue th at x Rz 
wh er e an y o f  (A), (B) or (C) ho ld. But thos e cas es ar e exh aus tive so 
th at x e f(p), 
Un der pro fi le q consi der th e bin ar y  choi ce b etween x an d y, 
The con cern ed set i s  J an d J/D = Ci lyPix ), Sin ce J/D e rJ' yPx an d
x' f(q). Sin ce th e on ly ch an ge in in di vi dual pro fi les in th e 
tr an sfor mation p � q i s  in th e gro up D/C an d s in ce memb er s i n  th at 
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gro up swi tch th ei r b li ss poin t fro m  y to x un der th e tr ans for mation, x 
i s  no t demo ted i n  an y in di vi dual's weak or derin g b y  th e 
tr an sfor mation. By Mas tin mono toni ci ty i t  must b e  tr ue th at x e f(p) 
=> x e f(q). Thus, x ' f(q) vio lates Mas kin mono toni ci ty, 
No w con si der th e fo llo win g pro fi les u an d v for cas e ( 2) ,  
Un der pro fi le u, E i s  a set o f  in di vi duals who h ave type I pr efer en ces 
wi th b li ss poin t y, in di vi duals in J/E h ave type I pr efer en ces wi th 
b li ss poin t x ,  an d in di vi duals in  I/J ar e in di ffer en t b etween an y two 
altern ati ves in A. Un der pro fi le v, G is a s et o f  in di vi duals who 
h ave type I pr eferen ces wi th b li ss po in t y, in di vi duals in J/G h ave 
type I pr efer en ces wi th b li ss poin t x ,  an d i n di vi duals in  I/J ar e 
in di ffer en t b etween an y two altern ati ves in A. 
The fo llo win g ar gumen ts es tab li sh th at x e f(v), For 
z e A/(x) th er e are thr ee cases: 
(A) lz - yf <Ix -yf wh er e l'I i s  E ucli dean di stan ce;
( D) I z - y I ) I I - y I;
(C) I z - yf h - yf .
Un der v in cas e (A), G (i f z P.x ) an d J/G = (i f x P.z ), Sin ce G i f1,1 1 
xRz for all z e A wh er e (A) ho lds , 
Jn cas e (B), J = (i fx P.z )  and II 
1 (i f z P.x ), Sin ce cas e ( 1 )  is  1 
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r uled o ut b y  Jfas kin mono toni ci ty, E e fJ => II J, fJ so th at J canno t b e
a lo sin g  co ali tion for con cern ed set J, It fo llo ws th at x Rz for all 
z e A wh er e (B) ho lds, 
In cas e (C), J /G = Ci lx Piz )  an d II = Ci lz Pi x ). Sin ce cas e (1) 
i s  r uled o ut b y  Mastin mono toni ci ty an d sin ce fJ/G 
i s  a pro per game,
• 
9 & fJ/G canno t  b e  tr ue. (I! e rJ/G => J/G e rJ/G sin ce fJ/G i s  a
• 
pro per game. Bute B rJ/G 
an d J/G e rJ/G 
falls wi th in cas e (1), an d
cas e (1) h as b een sho wn to b e  i mpo s sib le, ) Th us, ei th er J/G e rJ/G or
J/G i rJ/G an d II J. fJ/G' It fo llo ws th at x Rz for all z e A wh er e (C)
ho lds, 
Co mbinin g th e an alysi s o f  th e thr ee cas es, i t  i s  tr ue th at x Rz 
wh er e an y o f  (A), (B) or (C) ho ld. But tho se cases ar e exh austi ve, so 
I 8 f(v), 
The tr an sfor mation v - > u in vo lves ch an gin g th e pr efer en ces o f
on ly on e gro up, G /E ,  Thes e in di vi duals swi tch th eir b li ss poin t from 
y to x so th at x i s  no t demo ted in an y in di vi dual's weak or derin g b y  
th e tr an sfor mation ,  Mas tin mono toni ci ty r equi r es th at 
x e f(v) => x e f(u), Un der pro fi le u, E = (i f yPix )  an d J/E = 
(i fx Pi y). Ee rJ = > yPx, an d th er efor e I '  f(u).
Q, E. D. 
1.emma 2 states th at a Masldn mono toni c n eutr al soci al fun ction 
is ch ar acteriz ed b y  a si mple game for each con cern ed set, Mas tin 
mono toni ci ty fur th er i mpli es th at th ese s i mple games fo rm a di r ect sum 
o f  si mple games ,  Befor e pro vin g th at r es ult as Lemma S, i t  i s
con veni en t  to develo p two in ter medi ate r es ults as Lemma 3 an d Lemma 4 .  
Lemma 3 .  If a neutral social function is Mastin monotonic, and for 
some C � J � I it is true that C e r1, the simple game for concerned
set J, then J/c ' r K for any K �I where r K is the simple game for
concerned set K, 
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Proof: Call the neutral social function f so that f(r) is the choice 
set of f for profile r. Denote as r K the simple game corresponding to
f for concerned set K, 
The first part of the proof establishes Lemma 3 when A is a 
finite alternative set and individual preferences are weak orderings. 
Two profiles p and q of weak orderings over A will be used, and they 
will both have the property thst for c e  A/(a,b), aPic and bPic for
all i e I. Since rl is a simple game, ' ' rl. (If ' E rl. then
I ' r1 since r1 is a proper game. But f e r1 => I e r1 since r1 is a
monotonic game.) As a result, a will be in the choice set unless bPa, 
and b will be in the choice set unless aPb, 
Under profile p let e = CilaPib) and J/C = CilbPia), Then a
is in the choice set for f(p). Suppose J/C e rK for some K �I, Then
the profile q where J/C = CilbP.a) and the concerned set for a versus 
1 
b is K has the property that a i f(q) since J/C is a winning
coalition. But the transformation p -> q does not demote a in any 
individual'• weak ordering since it does not expand the set CilbP.a). 1 
Thus, J/C e r K violates the assumption that f is Mastin monotonic.
Now as the second part of the proof, it is necessary to 
establish Lemma 3 when A is a CCE subset and type I preferences are 
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admissible. This part of the proof operates by presenting profiles 
such that J/ C e r K contradicts Mastin monotonicity. Suppose x, y e A.
Under profile u members of C have type I preferences with bliss point 
x, members of J/C have type I preferences with bliss point y, and 
members of l/J are indifferent between any two alternatives in A. 
Under profile v members of J/C have type I preferences with bliss 
point y, members of K/(J/C) have type I preferences with bliss point 
x, and members of l/K are indifferent between any two alternatives in 
A. 
The following arguments establish that x e f(u). For 
a e A/Cxl there are three cases: 
(1) lz -yl <Ix -yl where l 'I is Euclidean distance;
<2> I z - yl > Ix - yl: 
( 3) lz - yl=lx -yl. 
In case (1) C = (ilxPizl and J/e = CilzPix), Since e e r1, xPz for 
z e A where case (1) applies, In case ( 2 ) , J = CilxP.z) and
1 
D CilzPixJ. Since r1 is a simple game, f d rJ so that xRz for all
z e A where case ( 2 )  applies. In case ( 3 ) ,  C = CilxP.z) and 
1 
D CilzPixJ. Since re is a simple game, f d re 10 that xRz for all
z e A where case ( 3) applies, Since xRz for z: 11 A in cases (1) , (2) 
and ( 3) and since these cases exhaust the possibilities, x e f(u), 
Under profile v, K is the concerned set for x versus y and 
J/C = CilyP.x), It follows that yPx and xi f(v), The transformation1 
u -> v does not demote x in any individual's weak ordering because the 
set of individuals with bliss point y does not expand, All other 
individual s , thos e in I/(J/C) , either have bl is s p oint x or ar e 
un iver s al l y indiffer ent under each of the pr ofil es , For i e I/C J/ C) 
it is tr ue that x Riz for al l z e A under either pr ofil e. Since the
tr ans for mation u -> v does not demote x in any individual 's weak 
or der ing, Masl in monotonicity r equir es that x e f(u) => x e f(v) . 
This is contr adicted by the fact th at x e f(u) and xi f(v) . 
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Q , E. D. 
l� mm a  3 s tates that if a coal ition l os es in the s impl e game 
for any concer ned s et, it cannot be a winning coal ition in the s impl e
game for any other concer ned s et, Simil ar r eas oning to th e pr oof of 
Lemma 3 pr oduces the nex t r es ul t: if a coal ition neither wins nor 
l os es in the s impl e game for any concer ned s et, it cannot be a winning 
coal ition in th e s impl e game for any other concer ned s et, 
Lemma 4 ,  If a neutr al s ocial function is Masl in monotonic and for 
s ome C t;  J t; I it is tr ue that C i r1 and J/ C i r1 wh er e r1 is th e
s impl e game for concer ned s et J, th en Ci f K for any K t;  I wher e rK is 
th e s impl e game for concer ned s et K. 
Pr oof: Cal l  the neu tr al s ocial function f s o  that its choice s et for 
pr ofil e r is f(r ) . Let rK be the s impl e game corr esp onding to f for
concer ned s et K, 
The firs t p ar t  of this pr oof es tabl is hes Lemma 4 when A is a 
finite al ter native s et and individual pr efer ences ar e weak or der ings , 
Two pr ofil es , p and q, of weak or der ings over A wil l  be us ed, and both 
have the pr op er ty that for c e A/ { a,b} aP . c  and bP .c for al l i e I. 
1 1 
Since r1 is a s impl e game, e A r1 • As a r es ul t , a wil l be in th e
ch oice s et unl es s bP a, and b wil l  be in th e ch oice s et unl es s  aP b, 
Supp os e  th at C e rK for s ome K �I when C i r1 and J/ C i r1
for s ome J t; I, L et pr ofil e  p have concer ned s et J for a vers us b, 
and l et pr ofil e  q h ave concer ned s et K for a ver s us b. U nder both 
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pr ofil es l et C = { il bP ia). Then a e f(p )  s ince Ci r1 s o  that it is 
not tr ue that bP a, Al s o, a A f(q) s ince C e rK. The tr ans for mation p
-> q does not demote a in any individual 's weak or der ing s ince th e s et 
c { il bP ia) does not exp and under the tr ans for mation and aP ic for al l
c e A/ { a,b) and for al l i e I under both p and q, U nder thes e
cir cums tances , Masl in monotonicity r equir es that a e f(p ) => a a f(q) , 
But a e f(p )  and a A f(q) s o  that ther e is a contr adiction,
The tas k of the s econd p ar t  of th e pr oof is to es tabl is h Lemma 
4 when A is a CCE s ubs et and typ e  I pr efer ences ar e adm iss ibl e, This 
p ar t  of the pr oof wil l pr es ent pr ofil es s uch that the hyp oth es is 
C a rK whil e C i r1 and J/ C i r1 contr adicts Masl in monotonicity.
Supp os e  x, y e A. U nder pr ofil e  u, members  of C have typ e I 
pr efer ences with bl is s p oint y, members  of J/C have typ e I pr efer ences 
with bl iss p oint x ,  and member s  of I/J ar e indiffer ent between any two 
al ter na tives in A. Under pr ofil e  v member s  of C have typ e  I 
pr efer ences with bl is s p oint y, members  of K/C hav e t yp e  I pr efer ences 
with bl iss p oint x ,  and member s  of l/K ar e indiffer ent between any two 
al ter natives in A. 
The fol l owing ar guments es tabl is h th at x e f(u) . For 
z e A/ (x ) th er e ar e thr ee cas es :
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( 1 )  l z - yl < I x - yl wh er e 1 · 1  i s  Eucli dean di s tan ce;
( 2 )  l z - yl ) I x - yl ; 
( 3 )  l z - YI I x - yl . 
In cas e ( 1 )  C = l i l zPix )  an d J/C = l i l x P. z). Sin ce C i f 1, xR z for1 
z e A wh er e  cas e ( 1 )  appli es . In cas e ( 2 ) , J = l i lx P.z) an d
1 
D f i l zPix ), Sin ce r1 i s  a s i mple game, f d r1, an d cons equen tly xR z
for z a A wh er e cas e ( 2 )  appli es . In cas e ( 3 )  J/C = ( i lx Pi zl an d
D = ( i l zPix ). Sin ce rJ/C i s  a s i mple game, f ' rJ/C an d cons equen tly
xR z for z a A wh er e cas e ( 3 )  appli es , Sin ce xR z for z e A in cas es 
( 1 ) , ( 2 )  an d ( 3 )  an d s in ce th es e cas es exh aus t th e po ssi bi li ti es ,  
x e f(u). 
Un der pro fil e v ,  K i s  th e con cern ed s et for x v er s us y an d C 
{ i l yPix} , Sin ce C a  fK, yPx, 1n d th er efor e x i  f(v ). Th e
tr ans form1 tion u -) v do es no t demo te x in an y in divi dual's weak 
or derin g, The s et o f  in divi duals wi th bli s s  po in t y do es no t ex pan d, 
A ll o th er i n divi duals ,  thos e in I/C, ei th er h av e  bli s s  po in t x or ar e
univ er s ally in di ffer en t un der each o f  th e pro fil es ,  Th us , for i e I/C 
i t  i s  tr ue th1 t  xRi z for 11 1 z e A un der ei th er pro fi le u or pro fi le
v ,  Sin ce th e tr1n1 form1 tion u -) v do es no t demo te x in  an y 
in divi dual's we1t or derin g ,  Mastin mono toni ci ty r equi r es th at x e f(u) 
=> x e f(v ). Thia ia con tr adi cted by th e fact th at x e f(u) an d
x '  f(v ), 
Q, F., D. 
L emma 5 bui lds on L emmas 2 ,  3 an d 4 to sho w th at i f  a n eutr al 
so ci al fun ction i s  M astin mono toni c, i t  i s  gen er ated by a di r ect s um 
o f  si mple games ,  B y  Th eor em 1 in Blau an d Bro wn (1978) an d by Th eor em
1 in Strn ad ( 1 982 ) n eutr al mono toni c so ci al functions ar e 
ch ar acteri zed by di r ect s ums o f  si mple games .  As a r es ult, a ll astin 
mono toni c  n eutr al so ci al fun ction i s  a n eutr al mono toni c so ci al 
fun ction. 
L emma 5 .  If a n eutr al so ci al function f i s  M astin mono toni c, th en f 
is gen er ated by a di r ect s um o f  si mple games .  
Proo f: Suppos e th at for th e n eutr al bi n ar y  deci sion 
K !;;; I, fK i s  th e s i mple game corr es pon din g to f wh en 
i s  K. In or der to sho w th at f = {f KJ I i s  a di r ect Ke2 
games ,  two ch ar acteri s ti cs mus t be es tabli sh ed: 
(A) 
(D) 
C e f1 => C e f K wh er e
r• r• D a 1 => D a L wh er e 
C � K !;; J; 
J � L,
r ule f an d for 
th e con cern ed s et 
s um o f  s i mple 
To prov e (A), as s ume th at C i rK. Th en th er e ar e two cas es :
K/C e fK an d K/C i fK, Th e firs t cas e i s  r uled o ut by L emma 3 ,  Th e
s econ d  cas e i s  r uled o ut by L emma 4 becaus e i f  C i fK an d K/c i fK,
th en C e f 1 i s  i mpo s s i ble un der th at lemma i f  f ia M astin mono toni c, 
• No w consi der pro po si tion (D) an d s uppo s e th1 t  D ' rL. Th en 
th er e ar e two cas es : ( 1 )  D e fL, ( 2 )  D i rL an d L
/D i rL' Th e firs t
• cas e i s  in cons i s ten t  wi th L emma 3 s in ce D e r1 i mpli es th at D a rL
canno t be tr ue for an y L � I i f  f i s  M astin mono toni c, 
For th e s econ d  cas e i t  i s  n eces s ar y  to prov e th e r es ult by 
cons tr uctin g pro fi les th at lead to a con tr adi ction o f  M astin 
mono toni ci ty. Fir s t, cons i der th e s i tuation wh er e A i s  a fini te s et 
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an d in dividua l pref eren ces mus t b e  wea k orderin gs , Let prof iles p an d 
q of wea k orderin gs ha ve the f ollowin g properties :  
{ l' )  f or all c e A/f a , b } aP ic an d bP1 c f or a ll i e I un der b oth
prof iles ;  
{ 2 ' )  f or a vers us b the con cern ed s et un der prof ile p is L an d 
{ 3 ' )  f or a vers us b the con cern ed s et under prof ile q is J an d 
D = U laP ib } .
Sin ce 8 I rI' a is in the choic e s et f or either p or q un les s bP a, an d
b is in the choice s et f or either p or q un les s aPb ,  Sin ce L/D i rL'
• 
a Rb un der prof ile p an d a e f (p) . Sin ce D e  r
1
, bP a un der prof ile q 
an d a I f { q) ,  Th e  transf orma tion p -> q does n ot demote a in an y
in dividua l' s wea k orderin g b eca us e  the s et of thos e who pref er b to a 
con tra cts f rom L/D to J/D un der that transf ormation ,  Un der thos e 
circums tan ces Mas k in mon oton icity requires that a e f (p) = > a e f (q) , 
b ut here a & f { p) an d a i f { q) .
Now cons ider the s itua tion where A is a CCE s ubs et an d type I
pref eren ces a re a dmis s ib le. Let x,  y e A. Def in e the prof iles u an d 
v a s  f ollows,  Un der prof ile u, m emb ers of D have type I pref eren ces 
with b liss poin t x ,  a emb ers of L/D ha ve type I pref eren ces with b liss 
poin t y, an d m emb ers of I/L a re in diff eren t b etween an y two 
alterna tives in A. Un der prof ile v, memb ers of D ha ve type I 
pref eren ces wit h b lis s poin t x, m emb ers of J/D ha ve type I pref eren ces 
with b lis s poin t y, an d memb ers of l/J are in diff eren t b etween an y two 
a ltern atives in A, 
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The f ollowin g argumen ts es tab lis h that x 8 f (u) , For z e A/fx }  
there are three ca s es :
( 1 )  l z  - yl ( Ix -yl where , . , is Euclidean dis tanc e;
{ 2 )  l z  - yf I x - yf ; 
(3 ) I z yf Ix yl. 
In cas e { 1 )  D = ( i  I IP i z } an d L/D = ( if zP .x } , Sin ce L/D ' r L' x Rz f or1 
all z e A where cas e ( 1 )  holds . In cas e (2) L = ( i  lxP.  z }  an d 1 
f ilzP ix} . Sin ce rL is a s imple game, 8 i rL' an d x Rz f or a ll
z e A where cas e (2) holds . In cas e (3) D = Cil xP iz }  an d
CilzP ix} . Sin ce rD is a s imple ga me, e i rD' an d x Rz f or a ll
z e A where cas e (3 ) holds , Sin ce x Rz f or z e A in cas es ( 1 ) , (2) an d 
(3) an d s in ce thes e ca s es ex ha us t the pos s ib ilities ,  x e f { u) ,
Un der prof ile v, J is the con cern ed s et f or x vers us y an d 
D = ( i  I xP . y} , 
1 
• 
Sin ce D 8 rJ' yPx ,  an d theref ore I '  f (v) . The
transf ormation u -> v does n ot demote x in an y in dividua l' s wea k
orderin g, The s et of in dividua ls with b lis s poin t y con tracts f rom 
L/D to J/D, For a ll i e I/{ J/D) x R.z f or all z e A un der prof ile v. 
1 
Sin ce the transf ormation u -> v does n ot demote x in an y in dividual' s
weak orderin g, Mas k in mon oton icity requires tha t x a f { u )  => I s  f { v) .
Th is is con tra dicted b y  the fa ct that x e f { u) an d I '  f { v) ,
0, E, D, 
Lemma S s hows tha t Mas k in mon oton icity limits n eutral s ocia l
f un ctions to the clas s  of n eutra l  mon oton ic s ocial f un ctions , The 
f ollowin g lem ma es tab lis hes tha t Mas k in mon oton icit y leads to f urther 
res trictions .  
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Lemma 6. If a neu tra l s ocia l fu ncti on is Ma s ti n  monotoni c, th en i t  i s
a neu tra l monotoni c s ocia l  fu ncti on tha t  i s  s i mp le, 
Proof: By Lem ma S, 1 Mis ki n  m onotoni c neu tra l  s ocia l  functi on i s
genera ted by a di rect s1111 of si mp le ga mes .  By Th eorem 1 i n  Blau a nd 
Brown ( 197 8) , a nd Th eorem 1 i n  Strna d ( 19 82 ) , f i s  th erefore a neu tra l 
monotoni c s oci a l  functi on, 
Su pp os e tha t  f is th e di rect su m of si mple ga mes tha t
genera tes f, Usi ng Lem mas 3 a nd 4 i t  i s  s trai gh tforwa rd to sh ow tha t
f is  s imp le i f  i t  i s  Mas ti n monotoni c, Lemma 3 p rovi des tha t  i f  f i s  
Ma sli n monotoni c, th en for a ny C t: I i f  th ere i s  1 J t: I su ch tha t
• 
C e f1, th en C d f1 for a ny K su ch tha t  C t:  K t:  I, I t  follows tha t  i f
• 
C e f 8 for s om e  H t: I, th en C ' f L for a ny L su ch tha t  C t:  L t:  I, 
Le mma 4 provi des tha t  i f  f i s  Ma s ti n  m onotoni c, th en for a ny C t: I i f
th ere i s  I Jt: I su ch tha t  C i  f1 a nd J/ C i f1 th en C i f1 for a ny K
su ch tha t  C t: Jr t: I, It follows tha t  i f  C e f 0 for s ome II t: I, th en
th ere wi ll be no L t;  I wh ere C t:  L, C i fL a nd L/ C i fL, 
C ollecti ng th es e resu lts , i f  f i s  Masli n monotoni c a nd for a ny 
C t: I i f  C a r8 for s ome H t: I th en
( 1 )  for 
a nd ( 2 )  for 
a nd 
From ( 1 )  a nd 
a ll J su ch 
a l l K su ch 
ir/c i rl:. 
( 2) i f  f is  
• 
tha t  C t: J t: I  c , r, ;
tha t  C t: K t: I  i t  i s  nev er tru e tha t  c i r,
Ma sli n monotoni c a nd C e ru for s ome II t: I
th en for a ll J su ch tha t  C t: J t: I, C e r1 • Thus i f  f is Ma s ti n
monotoni c, C e f8 for s ome II t: I i f  a nd only i f  C e rI' So for a ny x ,
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y e A xPy i f  a nd only i f  C i lxPi y) e fl' It follows tha t  f is si mp le, 
Q . E . D ,  
Giv en Lemma 6 ,  i t  i s  p os s i ble to p rov e th e followi ng
cha ra cteri za ti on th eorem, 
Th eorem S. A neu tra l s ocia l  fu ncti on i s  Ma s ti n  monotoni c i f  a nd only
i f  i t  i s  a neu tra l monotoni c s ocia l  fu ncti on tha t  i s  s i mp le, 
Proof: Ma s ti n  monotoni ci ty i s  1 su ffi ci ent condi ti on for f to be a 
neu tra l  monotoni c s oci a l  fu ncti on tha t  i s  s i mp le by Lemma 6 ,  
Supp os e  f i s  1 si mple neu tra l monotoni c s oci a l  fu ncti on, Th en 
by Th eorem 1 i n  Blau a nd Brown ( 1 97 8) a nd Th eorem 1 i n  Strna d ( 1 982 ) 
th ere exi s ts I u ni qu e  di rect sum of si mp le ga mes ,  r, su ch tha t  f c µf
wh ere µr is th e a ggrega ti on ru le genera ted by f, Let 1 ,  b a A, a nd
supp os e  a e f( p) for s ome profi le p, T o  complete th e p roof i t  i s  
su ffi ci ent to sh ow tha t  a a f( q) for a ny p rofi le q su ch tha t  th e 
tra ns forma ti on from p to q does not demote a i n  a ny i ndiv i dua l' s  weak 
orderi ng, 
F rom a e f( p )  i t  follows tha t  I/C i la Ri b) ' f1 for a ll b e  A 
wi th b � a ,  O th erwi s e, th ere wou ld be a s et C t:  I su ch tha t  for s ome
e 8 A c = C i lePi a )  8 rl a nd th en ePa s o  tha t  I i  f( p). Sup pos e q i s  a
p rofi le wi th th e p rop erty tha t  th e tra ns forma ti on p -> q does not
demote q i n  a ny i ndiv i dua l's wea k orderi ng, It follows tha t  wh en p 
cha nges to q, C i lbPia )  wi ll not expa nd for a ny b e A .  Becaus e r1 i s  a
monotoni c ga me, D i r1 = > E i r1 wh enev er E t:  D. Th erefore, th ere 
wi ll be no b E A  su ch tha t  ( i lbPia J  8 rl un der p rofi le q s i nce no su ch
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s e t  i s  in fI under prof il e p. S ince f i s  a s impl e social  funct ion, it
fol l ows from fi l bP i a )  i fI under prof i l e  q for a l l  b e A that there
will be no c e A such th at fi l cPi a )  e f1 for any J t: I under prof i l e
q ,  Thus, un der prof i l e  q there w i l l  be n o  c e A such tha t  cPa , and 
a e f ( q) . 
Q. E, D. 
Tho fol lowing theorem e st abl i sh e s  a cond i t ion on direct sum s  
of simpl e gam e s  equiv al ent to Ma ski n ' s NVP condi tion,  
Theorem 6 :  A ne utral monotoni c s o c i a l  funct i on generated by r, a 
d i rect  sum of s impl e game s ,  wil l have tho proper ty NVP i f  and only if 
there is no J t: I such that f1 is an ul traf i l te r ,
Proof :  (a ) Nec e s s ity :  I f  there i s  a J t: I such that f1 i s  a n
u l  tr afil tor,  then there i s  a n  i e J such tha t  { i )  8 n rJ . Since rJ is
a f i l ter, c = n rJ 8 rr It i s  e a sy t o  show that C must be a 
s ingl e t on.  If  it  i s  not ,  then no s ingle ton i s  in rJ and a l l
coa l i tions o f  s i z e  11 1 - 1 are i n  r1 b y  the ultrafil tor prope rty th a t
D i f1 => J/D e f1• Then 0 fJ = fl s i nce the interse c t i on of a l l
coa l i t ions of  s i z e  11 1 - 1 i •  empt y .  Th i s  contr adict s r1 being a 
fil ter.  
Assume there i s  a J t: I such that f1 i s  an  ul tra f il ter and l e t
{ i )  b e  tho s i ngl e ton member o f  f1 , Cons ider a prof i l e  p such that for
a,  b e A aPib,  J/ f i )  = C J lbPj a )  and I/J = C k l bika ) ,  Now it w i l l  be
tho c a se th a t  b i f ( p )  but,  for a l l  j I i ,  bRj a '  Th i s  contradi ct s
NVP, 
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( b )  Suf f i c iency: Suppo se f doe s  not sa t i s fy NVP. Then there 
exi st  a, b e A such that bPa and aRj b for al l j e I except po s s ibly
for some i e I . If aRib '  then bPa when there i s  no k e I such that
bP1a .  
But s i nce r is a di rect sum of s impl e game s ,  fl ' rJ for any
J t: I . Thu s ,  bPa i s  impo s sible  un i e s s  bP1a for a t  l e a st one k e I . 
Suppose then that bPi a .  Let C f J l aP . b )  and D c { i )  U C.J 
S ince bPa , f i )  e f0• S ince ( i )  e f0, if i e E t: D then E e f0 s ince
f0 is a monoton i c  game , Furthermore , any F � D such that i ' F w i l l
• 
be such tha t  D/F e f0 and thus F e f0, It fol low s  that ( 1 )
0 f0 = ( i )  e f0 a nd (2 ) for any G t: D e i ther G e f0 o r  D/G e f0 s i nce
one of G and D/G must cont a i n  i ,  By ( 1 )  and (2 ), r0 is a n
ul tra f i l tor,  
Q, E, D. 
Given Theorems S and 6 ,  ful ly Nash impl ementable  neutral
soc i a l  funct i ons and ful ly strong Nash impl ementa b l e  neutral soc i a l  
fun c t i on s  can b e  pa r t i a l ly characterized:  
Theorem 7 .  A neut r a l  social  fun c t ion f w i l l  be e i ther ful ly Na sh
impl ementabl e or f ul l y  strong Nash impl ement a b l e  only if f is a s impl e 
ne utral mono tonic s o c i al funct ion.  
� :  Theorem 2 in Ma slin (1977)  and Theorem 1 in Jla skin ( 1979)  show 
tha t  Ma slin monoton i c i ty i s  a nece s s a ry cond i tion both for ful l Nash 
implementa t i on and for ful l st rong N a sh impl ement a t ion of social 
choice  corre sponde nce s over f ini te al terna t ive se t s .  No thing i n  tho 
proof of e i ther re sul t depends on the fini tene s s  of the al te rna tive 
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se t ,  so these  re sul t s  a l so hol d for CCE sub s e t  a l terna tive se t s ,  By 
Theorem 5 ,  a neutral social  fun c t i on that is  Ma stin monotoni c must  b e  
a s impl e neutral monotonic s o c i a l  function,  
Q. E, D. 
Theorem 8: If a ne utr a l  b i nary de c i s i on rul e f is a s impl e neutral 
monotonic  social  funct i on genera ted by a direct sum of simpl e game s r 
and if rI is not a n  ul traf il ter, then f i s  ful ly Na sh impl ementabl e ,
Proof :  A s impl e  neutral  monotonic social  fun c t ion f i s  Ma stin 
monotonic by Theorem 5 .  Let f be the d i rect sum of s impl e gam e s  that
gener a te s f .  If  f1 i s  not an ul traf i l t e r ,  then no f1 for J t; I i s  a n
ul traf il ter s ince f i 1  s impl e .  B y  Theorem 6 ,  f s a t i s f i e s  NVP, 
Theorem 5 in Mastin ( 1977)  shows that  Ma stin mono t oni c i ty and NVP are 
j ointly suffic ient for a social  choice corre spondence to be ful ly Nash 
implementabl e over f in i t e  al terna tive se t s ,  Theorem 4 in th i s  a r t i cl e 
shows t h a t  Jla sti n mono t on i c i ty and NVP are j ointly suf f ici ent for a 
soc ial choice corre spondence to be ful ly Na sh impl ement abl e over CCE 
sub s e t  al terna tive se t s ,  
Q , E , D .  
Theorem 9 ,  A neutral monotonic s o c i a l  funct ion over a f in i t e  
al terna tive  let  gene ra ted b y  a d i rect  sum o f  s impl e  game s f i s  f ul ly 
strong Nash implementable  only if for some J t; I ,  f1 i s  an
ul traf il ter.  
Proo f :  B y  Theorem 2 i n  Ma stin ( 1 97 9) n o  social choice corre spondence 
s a t i s fy ing NVP i s  ful ly st rong Nash impl ementabl e ,  B y  Theorem 6 in 
t h i s  a r t i c l e ,  a neutral monotonic s oc i al function f wil l have the 
prope r ty NVP if and only if f, the d i re c t  sum of s impl e game s that
gene r a t e s  f ,  cont a i ns no  s impl e  game  that is  an  ultr a f il ter.  
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Q, E, D, 
For the c a se of neutral soc i a l  funct ions over f inite  
a l terna tive se t s ,  a compl e te characteri z a t i on of  ful ly strong Nash  
implementable rul e s  is  po s s i b l e  us i ng The orems 7 and 9 ,  
Theorem 10 , A neutral soc i a l  fun c t i on f over a f in i te al terna tive se t 
w i l l  be f ul ly strong N a sh impl ementable i f  and only if f i s  a s imple 
ne ut ral monotonic s o c i a l  fun c t i on where the s e t  of all winning 
coa l i t i ons under f is an ul traf il ter.  
Proof:  ( a )  Nece s s ity: Suppose f i s  a ne ut ral soc i al fun c t i on that  i s  
ful l y  st rong Nash implementabl e ,  B y  Theorem 7 f must b e  a s impl e 
ne utral monotonic s o c i a l  funct ion ,  If the d i rect  sum of s impl e  gam e s  
that  ge nera t e s  f i s  f, t h e n  fI mus t be the se t of a l l  winning
coa l i ti ons unde r  f ,  By Theorem 9 ,  there i s  a conce rne d 1 e t  J t; I such
that f1 is an  ul traf i l te r .  I t  fol low s  that  ( i )  e f1 f
or some i & I ,
Since f i s  s impl e ,  ( i }  e fI, and f1 i s  there fore an ul traf i l ter,
(b)  Sufficiency: If f i s  a s impl e neutral monoton i c  social  
fun c t i on where the se t of winning coa l i t i ons under f i s  an  
ultrafil ter,  it  is  s t r a i gh t forward t o  cons t ruct a deci s ion mechani sm 
that ful ly impl ement s f by st rong N a sh equil ibr i a ,  Since f i s  a 
s impl e neutral monotonic social funct ion, it i s  generated by a d i rect  
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•um of s impl e game s r. and rl cont a i n s  all coa l it i ons that w in in  any
concerne d  se t ,  S ince r1 i s  a n  ul traf i l te r ,  by the argument i n  the
proof of The orem 6 there exi st s an  i nd iv idual i such that ( i )  8 rl and
n rl = ( i } ,  It fol l ows that for any two I ,  y 8 A sPy if and only if
sPiy and sly i f  and only if xl 1y ,  ( When xI 1y ,  then ne i ther
( j  a I l xPj y) nor {k a I l yPkx )  i s  a w inning coa l i t i on s ince r1 cont a i n s
a l l  w i nning coa l i t ions and 0 f1 = { i ) . ) The choice se t there fore
cons i st s  of a l l  the a l te rna tives a t  the top of the d i ct a tor i ' s  weak 
orde r i n g ,  
Let the d e c i s ion mechan i sm cons i s t  of each individual 
spe c i fy ing a s i n g l e  "first choice" with the social choice be ing the 
dicta tor ' s  spe c i f i e d  f ir s t  choice . It i s  e a sy to show that the se t of 
strong Nash equil ibria  for th i s  de c i s ion mechani sm is pre c i s e ly the 
choice s e t .  Suppo se  the d i c t a tor spe c i f ie s  an  a l terna t ive s from the 
top o f  hi s  or her weak orde r i ng as h i s  or her f ir s t  choi ce a nd 
there f ore a s  the out come of the dec i s ion mechani sm ,  Then the d i c t a tor 
cannot be part of  any group all of who se members  would be b e t ter off 
by j oint ly a l tering  the i r  strategi e s  s ince the d i c t a tor doe s not 
prefer any a l t e rna t ive to x. But no group w i thout a dicta tor can 
change the soc i a l  outcome by changing the i r  s t r a te g i e s ,  J n  a dd i t i on, 
if the d i c t a tor d i d  not spe c i fy an al terna tive a t  the top o f  his or 
her weak orde r i n g  as a s t r a te gy, then the d i c t a tor can do be t ter by 
sw i tching h i s  or her strate gy to such an a l terna tive.  Thus no 
stra t e gy vector where the d i c t a tor doe s not spe c i fy a f ir s t  choice a t  
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the top o f  h i s  o r  her w e a k  orde ring c a n  b e  a s t rong Nash equil ib r i um ,  
Q, E, D. 
Theorem 7 comb ined w i th The orem 2 in S trnad ( 1 982 ) prov ide a 
l ink be tween those ne utral social  fun c t ions t h a t  are cont inuous-val ue d  
and those that a r e  fully Nash implementable o r  fully s t rong Nash 
impl ementab l e ,  Con s ider the fol low ing coro l l ary : 
Coro l l ary 1 .  A ne utral soc i a l  fun c t ion f over a CCE s ubs e t
al terna t ive se t w i l l  be ful ly Na s h  implementable o r  ful ly st rong Nash 
implementable only if f i s  cont i nuous-va lue d  for a l l  pro f i l e s  of 
cont i nuous-val ue d  i ndiv idu a l  weak orde rings , 
�: By Theorem 7 ,  a neutral so c i a l  fun c t i o n  f i s  f u l ly Na sh 
implementabl e  or ful ly s trong Nash implement a b l e  only i f  f is a s impl e 
ne utral monotonic s o c i a l  fun c t ion ,  By Theorem 2 in Strnad ( 1982 ) a 
ne utral monotonic s o c i a l  funct i on f w i l l  be cont inuous-val ue d  for a l l  
pro f i l e s  o f  cont inuous-val ue d  indiv idua l weak orderings i f  and only i f  
f i s  s impl e ,  
Q , E . D, 
Fe rej ohn, Gre ther and McKe lvey ( 7) prove some characteri z a t i on 
resul t s  for Nash impl ementable and s t rong N a sh implementable social  
cho i ce corre spondence s ,  Ana l ogous results  for fully Nash 
impl ementable  and ful ly s trong Nash implementable neutral soc i a l  
funct i on s  a r e  s t r a i ght forward corol l a r i e s  o f  The orem 7 ,  One Ferej ohn, 
Gre ther and McKe l vey re sul t i s  the i r  The orem 1 .  Jn the term i nol ogy of 
thi s  a r t i c l e  tha t  re sul t i s  that when A i s  a f inite  se t ,  I I I � I AI and 
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fAf  2 3,  then a social  choi ce corre spondence f with a nonempty cho i ce 
se t for a l l  pro f i l e s  o f  weak orderings i s  ne i ther Na sh impl ementab l e  
2 nor s t rong Nash impl ementable if f is minimally democr a t i c ,  The 
fol lowing coroll ary provide s an ana log to that resul t  for ne utral 
soc i a l  func t i ons tha t  are  ful ly Na s h  impl ementable  or f ul ly strong 
Na sh implementa b l e . 3 
Coro l l a ry 2 :  When A i a  f inite and J A i  2 I I I ,  a ne utr a l  soc i a l
func t i on tha t i s  ful ly Na sh implementable o r  that i s  ful ly s t rong Na sh 
implementa b l e  c a nno t be m inimal ly democr a t i c  and have a nonempty 
cho i ce s e t  for a l l  prof i l e s  of  weak orde ri ng s ,  
Proo f :  Le t f be a ne utral  soc i a l  func t ion, B y  The orem 7 ,  if f i s  
ful ly Nash impl ementable  o r  ful ly st rong Nash implementabl e ,  then i t  
i s  a s impl e neutral monot onic s o c i a l  funct ion, Suppo s e  that f i s  the 
direct sum of simpl e game s that genera t e s  f, Since f is s impl e ,  f1 
cont a i n s  a l l  the w i nn i ng coal i t i on s  under f ,  
The fol l owing a r gument d emonstrate s that i f  f i s  m inima l ly 
democra t i c ,  rl cannot b e  a pre f i l te r . Suppo se  rl i s  a pre f i l ter and
i e I is in the c o l l e g l u.m .  Choose a prof i l e  p s uch tha t  for al l 
j e I / ( i )  there i s  an x a A such that xP . z for al l z e A/(x ) . Under p J 
l e t  i have preferenc e s  such that for some y e A yPiz for a l l  z e A/ ( y) 
and xPiz for a l l  z e A/(x,  y) . Since f i s  minima l l y  democ ra t i c ,  f ( p )
= ( x )  i s  requi red ,  But s ince i e 0 r1 and fI cont a i n s  a l l  coal i t ions
that win in any concerne d s e t ,  y e  f ( p ) . 
If rI i s  not a pref i l te r ,  then r i s  not a direct sum of
pre f i l t e r s ,  B y  The orem 4 i n  B l a u  a n d  Brown ( 1 978) f i s  not a social  
so 
de c i s i on funct i on when fAf  2 I I I  unl e s s  f i s  gene r a ted by a d i re c t  sum
of pre f i l te r s .  As a re sul t ,  prof i l e s  can be constructed s uc h  that 
there is  a soc i a l  cyc l e  over all the a l te rna t i v e s  i n  a finite se t .  To 
see  th i s ,  suppo s e  the a l te rna tive s e t  i s  fx1 , x2 , , , , , xm ) and cons ide r 
m 
the cha i n  of coa l i t i ons cl ' ' ' ' ' cm such that n c .  = f ,  c .  8 rl and a l li=l 1 1 
members of coa l i t i on Ci prefer x i to x i+l ( where xm+l = x 1) ,  S i nce
e a ch Ci is a winning coa l i t ion, there is a social  cycl e ,  x1Px2Px3 • • •
PxnPx1 • Blau a nd Brown ( 1 978)  s how that there i s  a profi l e  of weak
orde r i ngs cons i s tent w i th th i s  s i tua tion ,  Tha t  t h e  condi tion 
m 
0 Ci = f for Ci e r1 i s  po s s ib l e  fol lows  from the fol lowing a rgument , i=l 
Since rI is not a pre f i l te r ,  there is some set S of coa l i tions in i t
that h a s  empty intersect ion. Make thi s a m inima l ly- s i zed s e t  S '  by 
exc l uding the l arge s t  number of coa l i t ion s  f rom S such that the 
i nt e r s e c t i on is s t i l l  empty,  Each coa l i t ion in S' must unique l y  
excl ude a t  l ea s t  one memb e r  of  I from the interse ct ion, Otherwi se 
tha t  coa l i t ion would be e xt r aneous , It f o l l ow s  that S '  has at most  n 
coa l i tions in i t  where I I I  = n ,  
choose  m coa l ition s  C .  such that 
1 
But s ince n i m, i t  i s  po s s i b l e  to 
m 
0 Ci = f , i=l 
Now if r1 is not a pre f i l t e r ,  for I some p e W it wil l be the 
case that f ( p )  = e .  Thi s  contradicts  the requirement tha t  the c ho i ce 
se t be nonempty for a l l  prof i l e s  in WI . 
Q, E . D . 4 
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The arguments in the proof of Corol l ary 2 ind i c a te the v alue 
of the chara c t e r i z a t ion resul t in Theorem 7 .  Starting with  ne utral 
soc i a l  funct ions tha t resul t y ie l ds s impl e  neutral  monoton i c  s o c i a l  
funct ion s ,  Given s impl e neutral mono t on i c  s o c i a l  func t ions ,  a l l  the 
mach i ne ry of Blau and Brown ( 1 978) and Strnad ( 1 9 82 )  can be used to 
a s s e s s  whether and how implementab i l i ty is affected by various 
r e s t r i c t ions , In particular,  the proof of Coro l l ary 2 re st s s o l e l y  on 
the fact tha t when A i s  f in i te and IA I l I I I no ne utral  mono t onic
s o c i a l  funct ion can s imul tane ously be m in imal ly democra t i c  and have a 
nonempty choice  se t for a l l  prof i l e s  of we a k  ordering s ,  No a spect of 
implementa t ion snch as  the na ture of the equi l ibria  s e t s  i s  used in 
the proof , 
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FOOTNOTES 
• A s so c i a te Prof e s sor of Law, Unive r s i ty of Southern Cal i for nia and
A s s i st ant Profes sor of Law and Economics , Ca l i fornia Ins t i tute of
Te chno l ogy , 
Th i s  a r t i c l e  i s  derived from a chapter of my Ph . D. 
d i s se r ta tion, Strnad ( 19 82 ) , I have prof ited gr e a t ly from the 
sugge st ion s  and gui dance of Dona l d  Brown in t h i s  work, Any 
remaining e rror s  are solely my re spons ib i l i ty ,
Sub s t a nt i al financ i a l  s upport for thi s work h a s  b e e n  prov ided 
by Summer Re search Grant s for 1 9 81 and 1982 from the Unive r s i ty of 
Southern Ca l iforn ia  Law Cente r .  
1 ,  Th i s  def ini t i on i s  t a ken from Kramer ( 1977 ) , Type I pre f erence s 
h av e  ( hype r ) spher i c a l  indifference curv e s  w i th a b l i s s  point in 
the center of the ( hype r ) sphere , 
2 .  Ferej ohn, Grether and McKe l vey ' s  Theorem 1 a l so e ncompa s se s  
imp l ement a t ion by equil ibr ium concept s " in be tween" Nash 
equ i l ibrium and s trong Nash equil ibri um ,  In pa r t i cu l ar, they 
def ine a k-equi l ibrium as one where no coa l i t i on of s i z e  l e s s  than 
or equal  to k can make a l l  of i t s  membe r s  b e tter off by j ointly 
chang i ng their strate g i e s ,  Thus, Nash equ i l ibrium is 
!-equil ibrium and s t rong Nash equil ibr ium is n-equil ibrium where 
I I I = n,  In i t s  ful l genera l i ty Fe rej ohn, Greth e r  and McKe l vey ' s
Theorem 1 a s se r t s  that  no minima l ly democr a t i c  s o c i a l  choi ce 
corre spondence is impl ementable  by a se t of k-equ i l ibr i a  for 
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k e ( 1 , 2 , , , , , n ) , 
3 ,  No more than a n  anal og i s  pre�e nted here for two r e a sons .  F i r s t ,  
Ferej ohn, Grether and McKe lvey ' s  Theorem 1 i s  n o t  l im i te d  to  
neutral  social  funct ions but  appl i e s  to  the  more general  c l a s s  of 
all social  choice corre sponde nce s ,  Second, the characterizat ion 
re s ul t s  i n  thi s chapter re st heavily on the e xpl oitation of the 
prope rty of Mastin monoton i c i ty .  Fe rej ohn, Grether and McKe l vey 
do not use Ma stin monoton i c i ty .  They use a form of monoton i c i ty 
that focuse s on equil ibrium s e t  e l ement s i nstead  of choi ce se t 
e l ement s ,  Thus , by the Lemma in the i r  art i c l e  for any 
k a ( 1 , 2 , , , , , n )  if x i s a k-equil ibrium under one prof i l e  and i f  
the prof i l e  i s  changed in a w ay t h a t  doe s n o t  demote x i n  a nyone ' s
weak ordering,  then x w i l l  be a k-equil ibr i um  under the new 
prof i l e .  ( See note 2 ,  supra, for a de f ini t i on of t-equil ibrium . ) 
A social  choice corre spondence could have this  monoton i c i ty 
property ( c a l l  it "FGM monoto n i c i tytt) and y e t  not be Ma stin 
monoton i c  when impl ementation r a ther than full  impl ementa t i on i s  
s t udied,  Under implementa t i on the  equi l ibr i um  se t may not  cont a i n  
a l l  choi ce s e t  a l terna t ive s ,  and conseque n t ly even g iven FGM 
monoton i c i ty there may be a choice s e t  al terna t ive y th at  f al l s  
out o f  the cho i ce 1e t by a change o f  prof i l e a  that doe s not demote 
y in any indiv idual ' s  weak orde r i n g ,  
4 .  For t h e  c a se of ful l strong Na sh impl ementa tion this  proof c a n  b e  
greatly s impl if ied b y  us ing a re sul t al ready in t h e  l i tera ture . 
54 
Spe c i f i ca l ly ,  by Cor o l l a ry 4 . 4 in Ferej ohn and Grether ( 1 981 ) when 
I A I  2 I I I and a soc i a l  choi ce corre spondence f is fully st rong
N a sh impl ement a b l e ,  then the collect i on of ttprev a l e nt coa l i t i onstt 
for f i s  a pre f i l te r .  A coa l i t i on i s  prevalent when the choi ce 
se t cons i s t s of  an a l terna tiv e  x a l one for a l l  prof i l e s  where a l l  
members of  the coa l i t i on prefer x t o  a l l  other al terna tives .  
Ferej ohn and  Grether ' •  re sul t appl ie s i n  t h i s  s i tua t ion 
because a neut r a l  social  function i s  a social  choice 
corre spondence . G iven a ne utr a l  social  func t ion f that i s  ful ly 
strong Na sh impl ementa b l e ,  Theorem 7 requi res f to b e  a s impl e 
neutral monotonic s o c i a l  funct i on ,  G iven that f is s impl e ,  the 
se t of preval ent coa l i t i ons for f is r
l 
where r i i  the direct sum
of s impl e game s that ge ne r a t e s  f ,  Fe rej ohn and Gre ther ' a re s ul t 
i ndi cates  that rI must be a pre f i l ter.
De spite the  e x i s t ence of  that  re sul t ,  th i s  proof goe s on to  
consider the  c a se where rI is  not  a pre f il te r .  The purpo se  of
such an approa ch is to  make c l e a r  where the restrict ion I A I  L I I I  
i s  used.  
S S  
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